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1 Introduction

This report is concerned with re-verifying a step in the mathematics of the paper
of Yin et al [1]. We wish to verify the following equation (Equations 1-2 in the
original paper):
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Gy is a generative model parametrised by 6, pf.ie is the probability density
function of the images produced by Gy and p,eq is the probability density
function of the distribution of real images in a database.

We have x = Gy(z) by definition, with z ~ N(0, I). For brevity’s sake, let
us use the following abbreviations:

® Dr 1= Preal
® Df ‘= Dfake
We consider that Gy : R — R4,

2 Proof

First, of all, we develop:

DKL (pf”pr) = wavpf l:lOg (gigz; ):l (3)
= Eurp [log pe(z) — log pr ()] (4)
= E.at0,1,) [log pi(Go(2)) — log pr(Ga(2))] (5)



Thus, we have, assuming sufficient regularity of pfc, pr and Gy in order to
interchange the gradient and expectation, we have:

Vo DxL(ptllpr) = VoE. o, 1.)log pr(Go(2)) —log pr(Go(2))] (6)
=E.no,1)[Vologps(Go(2)) — Velogpr(Ga(2))]  (7)

Therefore, the problem boils down to calculating the following quantities:
o Vylogps(Ge(z))

e Vylogp,(Ga(2))

There is a subtlety in the first term: indeed p; is the distribution of Ggy(2)
with 2z ~ A(0, ). Thus, the first quantity depends on 6 both because of the
argument of py and because of py itself. We will deal with this term second,
and treat the easier case first.

2.1 Calculation of Vylogp,(Gy(z))
We have:
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We can consider that p,.(Gy(z)) is the concatenation of two functions: p, and
Gy. Thus, the chain rule gives:

Vologp.(Go(2)) = Vopr(Go(2) (8)
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Vo logp,(Ge(2)) =
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where V,p,(Gy(z)) should be read as the gradient of the real-valued function
pr: R = R, evaluated at the point x = Gy(2).
Now, let us note that:

1
V. logp. (G = — Vup, (G . 11
08 r(Go(2)) = s Vun(Go(2) (1)
Thus, we have:
dG
Vi logp, (Go(2)) = V. logp, (Gy(2)) 2002 (12)
2.2 Calculation of Vylogps(Gy(z))
Now, let us turn to the more subtle case. We have
B 1 dps(x) dGe(z)
Vo logps(Go(z)) = p1(Gols))  da le=Go(2) —g (13)
1
=—V G 14
gy Vorr(Gota) (14)



Now, the difficult part is determining Vgps(Go(2)). ps(Go(z)) can be viewed
as a function of two variables:

9(0,Go(2)) = ps(Go(2)) (15)
= GQ#N(Ovld) ’ (16)

where Gop#N (0, 14) is the pushforward measure of the function Gy applied to
the distribution A (0, I;). Let us also write g(x1, z2) to distinguish between the
first and second variables. Finally, when referring to py, we will now write p‘]gc,
to make the dependence on 6 clear.

Using the chain rule for functions of several variables, we have:
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Vog(8, Gol2)) = Vag(8, Ga(z)) = %
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do

= Vop}(@)|aecy(z) +

= Vepfc(x)\,;:(;g(z) + VzP?(Gﬂ(Z))
(20)

It is important to distinguish between the two terms of this last equation.
Vgp? (%)| 3=, () represents the differential of py wrt 6, where 6 is variable for

the definition of p?, but is considered fixed for x = Gp(z), thus the notation.
Conversely, for the second term, va?c(Gg (2)) is the gradient of the distribution

p%, considering 6 fixed.
So, coming back to Vglogps(Ge(2)):

Vo logps(Go(2)) = pf(Gl()) Vops (Go(2)) (21)
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Now let us get back to the full derivation, and note Vgp?(x)|nge(z) =
Vgp‘; (Gy(z)) for simplicity, trusting that the variable quantity is clear.



2.3 Final derivation

We have:
VoDxL(pllpr) = E.ono,1,)[ Vo logps(Go(2)) — Vg log pr(Go(2))] (24)
= Bento,r) [pe@()) (Vep?(@(z)) + VzP?(Go(z))cm;ﬁ> v, 1ogpr<ag<z)>d<20(§2>]
f
(25)
=E.no,10) [V@ 1OgP?(G9(z)) +V, logp?(Gg(z)) deGH(Z) — V. long(Gg(z))dG:;@(Z)
(26)

where we have again used mVQp?(Gg(z)) =V logp?(Gg(z)), and simi-
§
larly for V,. But, we also have that:

E.on0,1) [V} (Go(2))] = Eznio, 1) [Vo log p}(Go(2))] (27)
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Thus, we have:
VoDxw(ptllpr) = Eoonio, 1) -Vz Ing?c(Gg(Z)) dG;G(Z) — V. logp,(Go(2)) dG;;e(Z)}

) (33)

= E.onto.1) | (Vo log p§(Go(2)) — Vi log pr(Go(2))) dG;lee(z)]
] (34)

= E.onto.1) | (Vo log p}(Go(2)) — Vi log pr(Go(2))) dcifg(z)]
) (35)
=K. nmo,10) |~ (Vw log pr(Go(2)) — V. logpfc(G.g(z))) deg(Z)] ;
) (36)

which is the result shown in the paper.
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